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Q . Abstract 

. Given a measure on the Thurston boundary and a basepoint in Te- 

ichmiiller space, one can pick a geodesic ray joining the basepoint to a 
_ randomly chosen point on the boundary. In particular, we consider two 

families of measures: the ones which belong to the Lebesgue or visual mea- 
sure class, and harmonic measures for random walks on the mapping class 
group generated by a finitely supported distribution. For any geodesic ray, 
■ we compute the ratio between the word metric and the relative metric of 

approximating mapping class group elements, and prove that this ratio 
tends to infinity along Lebesgue-typical geodesic, while the limit is finite 
along geodesies which are typical with respect to harmonic measure. As a 
corollary, we establish singularity of harmonic measure. The same proof 
works for Fuchsian groups with a cusp. 
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5 Fuchsian groups 



1 Introduction 

Let G be a finitely generated group acting properly discontinuously on a 
metric space X, with basepoint xo and boundary dX. In many cases, the 
points on the boundary dX can be identified with geodesic rays starting 
at Xo- For instance, if X is a Riemannian manifold, then the geodesic 
rays based at xo may be identified with the unit tangent space at xo, 
and the rotationally invariant measure on the tangent space at xo is often 
called visual measure. It then makes sense to consider the behaviour of 
a "typical" geodesic in the space, chosen according to this measure. We 
may also consider random walks on X, by taking a random walk on G, and 
looking at its image in X under the orbit map g i— > gxo- If random walks 
converge to dX almost surely, then this gives an alternative measure on 
dX, known as hitting measure or harmonic measure. A harmonic measure 
can be pulled back to the unit tangent ball at xo using its identification 
with dX. Again, one may consider the behaviour of a "typical" geodesic 
ray from xq with respect to harmonic measure. 

Here, we consider some cases in which the quotient G\X has finite 
volume but is not compact; namely, nonuniform lattices in SL{2, R) and 
mapping class groups of surfaces of finite type. In these cases, we show 
that a geodesic typical with respect to one measure exhibits geometrically 
different behaviour from a geodesic typical with respect to the other mea- 
sure. The underlying geometric idea is that the quotient G\X contains a 
cusp, and Lebesgue-typical geodesies penetrate more deeply into the cusp 
than typical ones with respect to harmonic measure. In order to make 
the statement precise, we will reason in terms of the ratio between word 
metric and relative metric. 

Let 7 be a geodesic ray from the basepoint xo, and 7t a point at dis- 
tance t from the basepoint along 7. For each time t, let ht be a group 
element such that htXo is a closest element of the G-orbit of xo to 7t. We 
may measure distance in G by the word metric da in G, or alternatively 
by a non- proper relative metric dret , in which any distance in a subgroup 
fixing a cusp has constant length, and which we shall describe more pre- 
cisely in the cases we consider. We shall consider the ratio of these two 
distances for elements ht along a typical geodesic, i.e. 



As we shall see, this limit exists along a full measure set of geodesies 
in either measure. We shall show that the limit is finite for almost all 
geodesies in harmonic measure, and infinite for almost all geodesies in 
Lebesgue measure. 

We now state precise results for the two cases; then, we discuss the 
group PSL{2, Z) acting on hyperbolic plane as a concrete, simple exam- 
ple of this phenomenon, and follow with a more detailed outline of the 
arguments in the general case. 

Let G be a Fuchsian group, i.e. a discrete subgroup of S'L(2,R), and 
let X be the hyperbolic plane H^. Assume that the quotient orbifold 
G\¥? has finite area but is non-compact. Given a basepoint xo, we may 
identify the unit tangent bundle with the circle = dM? at infinity, and 
the measure induced on the boundary is Lebesgue measure on the unit 
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circle. By [Fur63) . a random walk on G projected to H'^ by the orbit map 
g — >■ gxo converges almost surely to the boundary, defining a harmonic 
measure u on . 

Let da be a word metric on the group G with respect to some finite 
generating set. We shall choose drei to be an improper word metric on G 
with respect to an infinite generating set consisting of the given generating 
set, together with a choice of parabolic subgroup stabilizing a cusp, for 
each cusp of the quotient G\EI^ . 

Theorem 1.1. Let G < 5*1/2 (R) be a Fuchsian group such that the quo- 
tient G\H^ ts a non-compact, finite area hyperbolic orbifold. Given a 
geodesic ray 7 starting at the basepoint xq, let 

p(7)= hm '^^(l'^*) 



t->oo drel(l, ht) ' 

where htXo is a closest element of the G-orbit of xo to jt- Let Leb be 
Lebesgue measure on the circle at infinity, and let 1/ be the harmonic mea- 
sure determined by a random walk generated by a finitely supported proba- 
bility measure on G whose support generates G. Then there is a constant 
c > such that 



pin) 



00 for heh-almost all geodesies 7 
c for v-almost all geodesies 7. 



In particular, as a corollary we have: 

Corollary 1.2. The harmonic measure v is singular with respect to Lebesgue 
measure on . 

Guivarc'h and LeJan [GLJ90] . [GLJ93) proved the singularity result 
for the special case of the congruence subgroup r(2) of PSL{2,'L) by 
studying the asymptotic winding around the cusp of the geodesic flow on 
r(2)\EI^. The statistic ^(7) that we study is similar in spirit to asymptotic 
winding: the underlying reason for the singularity of u is the fact that v- 
typical geodesies wind around cusps less than Lebesgue- typical geodesies. 

The previous observation is the starting point for the main result of 
the paper, namely the generalization of Theorem ILII to the case of G 
being the mapping class group of a surface S of finite type, which acts on 
the Teichmiiller space T{S) of hyperbolic metrics on S. The Teichmiiller 
metric on T(S) is preserved by the action of the mapping class group, and 
the quotient M{S) — G\T{S) has finite volume and is non-compact. 

We shall use Thurston's compactification of Teichmiiller space, the 
space of projective measured foliations VMJ-, as a boundary for T{S). 
There is a natural Lebesgue measure class Leb on VMJ- given by pulling 
back Lebesgue measure from the charts defined using train track coordi- 
nates. Kaimanovich and Masur KM96 showed that if /i is a probability 
distribution on G, whose support generates a non-elementary subgroup, 
then the image of a random walk on G under the orbit map g t-^ gXo con- 
verges to a point in VMJ- almost surely. We let 1/ be the corresponding 
hitting measure. 

The set of uniquely ergodic foliations has full measure with respect to 
both Leb and v, and so with respect to either measure we may identify a 
full measure set of points in VMJ- with Teichmiiller geodesic rays from 
a basepoint Xq. 

The mapping class group is finitely generated, and we shall write da 
for a choice of word metric on G. We shall let drei be the word metric 
with respect to an infinite generating set, consisting of adding to a finite 
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generating set the stabilizers of simple closed curves Qi, where the Ofi are 
a set of representatives for orbits of simple closed curves under G. The 
relative metric is also quasi-isometric to distance in the projection to the 
curve complex. Let 7^ be the e-thin part of Teichmiiller space, i.e. the 
set of surfaces which contain a simple closed curve of hyperbolic length at 
most €. In this case, we restrict to taking limits over points 74 which do 
not lie in the thin part 7^. 

Theorem 1.3. Let G be the mapping class group of a surface of finite 
type, and let T{S) be the Teichmiiller space of S. Let % be the thin part 
of Teichmiiller space, for some e > sufficiently small, and fix a basepomt 
Xo ^ Tc- Given a geodesic ray 7 starting at Xq, let 

t-,^^ drel{l,ht) 

where htXo is a closest element of the G-orbit of Xo to 74. Let Leb be 
a measure on VA4J- in the Lebesgue measure class, and let v be the har- 
monic measure determined by a random walk generated by a finitely sup- 
ported probability measure on G whose support generates a non- elementary 
subgroup of G. Then there is a constant c > such that 



P(7) 



00 for heh-almost all geodesies 7 
c for v-almost all geodesies 7. 



As a corollary, we give a geometric proof of: 

Theorem 1.4 ( [Gad09| ). The harmonic measure v is singular with re- 
spect to Lebesgue measure. 

The proof in [Gad09| is based on the study of train track splittings 
on VMJ-. In this paper, instead, we get the Lebesgue measure statistics 
by using the ergodicity of the Teichmiiller geodesic flow, combined with 
estimates on the volume of the thin part of the space of quadratic differen- 
tials. The statistics for harmonic measure follows from linear progress in 
the relative metric, combined with sublinear tracking between geodesies 
and sample paths. In the rest of the introduction, we shall analyse in 
greater detail the strategy of proof 



1.1 The case of PSL{2, Z) 

We start by describing a concrete classical example of this phenomenon, in 
which the space X is the hyperbolic plane , thought of as the universal 
cover of the finite area orbifold arising from the action of SL{2, Z) on H^. 

The group SL{2, Z) acts on the upper halfspace model of the hyper- 
bolic plane by Mobius transformations, preserving the Farey triangu- 
lation. We have drawn the Farey triangulation below, in the disc model. 
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Figure 1: The Farey triangulation in the disc model of H^. 

The quotient SL{2, Z)\EI^ is a liyperbolic orbifold witli a cusp. It is of- 
ten referred to as the modular surface, or as the (2, 3, oo)-triangIe orbifold, 
as there is a fundamental domain for the action which is a triangle with 
one ideal vertex, and the other vertices of angles 7r/2 and 7r/3, and each 
ideal triangle in the Farey triangulation contains six (2, 3, cxD)-triangles. 

We now describe two different ways of choosing a point at infinity on 
the boundary. Given a basepoint xo in H^, we may identify the circle at 
infinity with the collection of geodesic rays based at xo, which we may 
also identify with the unit tangent bundle. The unit tangent bundle has 
a natural measure arising from the Riemannian metric, and we will refer 
to this measure as Lebesgue measure. 

Alternatively, we may choose a geodesic by taking a random walk on 
the group 5L(2,Z). By the Milnor-Svarc lemma, the Cayley graph of 
SL{2, Z) is quasi-isometric to the infinite trivalent tree that is dual to the 
Farey triangulation. For simplicity, we assume that we are doing a simple 
random walk on this dual tree. We may identify points in the boundary 
of the tree with points on — dM? . A random walk on such a tree 
converges to the boundary almost surely, and this gives a hitting measure 
on 5^, which we shall call harmonic measure. We may then choose a 
geodesic from the basepoint xo to the chosen point at infinity. 
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The two measures on the boundary are in fact mutually singular, and 
furthermore, we can describe sets which have full measure in one measure, 
and measure zero in the other measure, in terms of the behaviour of the 
geodesies. 
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Figure 2: A geodesic in the Farey triangulation. 

A geodesic from the basepoint to a particular number r £ passes 
through some sequence of fundamental domains, or equivalently, corre- 
sponds to a particular path in the trivalent tree converging to r at infin- 
ity. Starting from the basepoint, we may describe this path by a sequence 
of right and left turns, and these descriptions determine the continued 
fraction expansion of r. So if we write r as 

1 



then the a^'s correspond to the number of consecutive right and left turns 
along the path in the dual tree [Ser81| . Figure [2] shows a geodesic which 
starts off with three right turns followed by two left turns, so the geodesic 
will end on the circle at infinity somewhere between 1/3 and 2/7. It is 
a classical result, going back to Gauss, that for large i the proportion 
of numbers with continued fraction expansions containing = n is pro- 
portional to 1/n^ [Khi97] . If for simplicity we assume that the random 
walk on the tree has no back-tracking, then for harmonic measure, the 
left and right turns occur independently with equal probability, so the 
probability that ai — n is 1/2". This means that "typical" geodesies for 
each measure have different distributions for the ai. More precisely, we 
say that a geodesic has a 1/n^ distribution for the ai , if the proportion of 
coefficients with a; = n, for ^ i ^ N, is oi the order of 1/n^, as A'' — >■ oo. 
Similarly, we say a geodesic has an exponential distribution for the ai if 
the proportion of geodesies with ai = n, for ^ i ^ A, is of the order 
of 1/2" as A — >■ 00. These two sets of geodesies are sets which exhibit 
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the singularity of the measures. The geodesies with a 1/n^-distribution 
have measure one with respect to Lebesgue measure, and measure zero 
with respect to harmonic measure. Similarly, the geodesies with an expo- 
nential distribution have measure zero with respect to Lebesgue measure, 
and measure one with respect to harmonic measure. 

We wish to show an analogue of this result for Fuchsian groups, and 
the mapping class group. However, we find it convenient to interpret the 
distinct distributions above in terms of growth rates of the word metric 
along the geodesic. We now explain what this means in terms of SL(2, Z). 
A point on a geodesic ray corresponds to a particular fundamental domain, 
which in turn corresponds to a particular (finite) sequence of left and 
right turns, ai, . . . , On- There is a group element g corresponding to the 
fundamental domain, and each left or right turn corresponds to adding a 
fixed number of generators to the word length, so the word length d(l, g) 
of g is proportional to the sum of the Oi. However, there is an alternative 
metric drei we can use, which is the metric arising from the Farey graph 
by treating each edge as having length one. This metric is improper as 
the Farey graph is not locally finite, and this metric is often referred to 
as a relative metric on SL(2,'Z), as it is quasi-isometric to a word metric 
arising from an infinite generating set, consisting of a finite generating 
set, union a single parabolic subgroup. The distance in this metric is 
proportional to the number of changes from consecutive right turns to 
consecutive left turns, or vice versa, and so this is proportional to n. We 
may compare the two metrics on points along the geodesic, i.e. we may 
consider 



In the case of harmonic measure, in which the coefficients a; have an 
exponential distribution, this ratio above is bounded almost surely. This 
follows from the ergodic theorem, as an exponential distribution has finite 
first moment. However, in the case of Lebesgue measure, in which the 
coefficients have a 1/n'^-distribution, then the ratio above tends to infinity 
almost surely, as the 1/n^-distribution does not have finite first moment. 
We may therefore use the set of geodesies for which p„ stays bounded, and 
the set of geodesies for which p„ tends to infinity, to exhibit the mutual 
singularity of harmonic measure and Lebesgue measure. 

It is this last observation which we generalise to Fuchsian groups and 
the mapping class group. The word metric we use is the standard word 
metric with respect to a finite generating set for the group. The relative 
metric is a word metric with respect to an infinite generating set. In the 
Fuchsian case, this corresponds to adding a parabolic subgroup for each 
cusp to the generating set. In the case of the mapping class group we add 
subgroups which stabilize representatives of orbits of simple closed curves, 
and this is quasi-isometric to the orbit metric arising from the action of 
the mapping class group on the complex of curves. 



We now give a brief outline of how we obtain the result for the mapping 
class group G acting on Teichmiiller space T{S). 

We shall consider Teichmiiller space T{S) with the Teichmiiller met- 
ric. There is a measure /Uhoi, called holonomy measure or Masur-Veech 
measure, on T{S) for which the Teichmiiller geodesic flow is ergodic, and 
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for which the moduh space A4{S) = G\T{S) has finite volume. The ana- 
logue of a cusp in hyperbolic space is the thin part M^, which consists of 
all points X £ A4 (S) which correspond to hyperbolic surfaces which have 
a curve of length at most e. The pre-image of the cusp of a hyperbolic 
surface in the universal cover is a disjoint union of horoballs. In Te- 
ichmiiller space, the analogue of these horoballs is the thin part 71, which 
is the pre-image of in T{S). However, this analogy is inexact, as 71 is 
connected in T(S'), and there is no analogue of the disjointness property 
that the horoballs possess in hyperbolic space. 

The cotangent bundle to Teichmiiller space is the space of unit area 
quadratic differentials Q. As a unit area quadratic differential corresponds 
to a flat surface, there is an action of SL{2, R) on Q, and the orbit of a 
point q £ Q gives an embedding of SL{2, R) in Q, which we shall denote 
Dg = 5'L(2,R) • q. 

In particular, the group of rotations of R^ acts on Q, while the action 
is trivial on Teichmiiller space. Indeed, a rotation by angle 9 of the flat 
surface sends {X,q) i— > {X, e~^'^ q). It follows from the deflnition that 
holonomy measure is invariant under rotation; as a consequence, the con- 
ditional measure from /ihoi on the circle {e**g : S G [0, 2tt]} is precisely the 
Lebesgue (or Haar) measure. 

A metric cylinder on a flat surface is a subset of the surface isometric 
to a flat cylinder, obtained by identifying two opposite sides of a paral- 
lelogram. The length of the metric cylinder is the length of a geodesic 
core curve in the flat metric. For a flxed metric cylinder, the subset of Dq 
corresponding to flat surfaces which contain metric cylinders of length at 
most L is a horoball in Dq. Masur [Mas93) showed that each Teichmiiller 
disc contains many such disjoint horoballs corresponding to metric cylin- 
ders with area bounded below; in fact, sufflciently many that almost all 
geodesies from the basepoint spend a deflnite proportion of its time in 
the horoballs. This is known as a good packing of horoballs in Sullivan's 
terminology [Sul82] . As there is a lower bound on the area of the metric 
cylinder, we may flnd upper bounds for the length of the core curve of the 
cylinder in the hyperbolic metric, and so these horoballs are contained in 
the thin part Te. 

When a geodesic 7 passes through a horoball H , the distance it trav- 
els into the horoball is comparable to the amount of time it spends in 
the horoball. We say the excursion E{'y, H) is the distance between the 
endpoints in the horoball, in the hyperbolic metric on the boundary of 
the horoball, and this is exponential in the amount of time the geodesic 
spends in the horoball (Section 12. 6p . By ergodicity of the Teichmiiller 
geodesic flow, we show that the sum of the excursions grows faster than 
linearly along the geodesic (Theorem 13. 9|) . Using results of Rafl, we show 
that the excursion is comparable to the twist parameter along the core 
curve of the corresponding metric cylinder, and that this can be used to 
estimate the change in the subsurface projection to the core curve along 
the geodesic. We may then estimate the growth of word length along 
the geodesic using the Masur-Minsky formula for word length in terms 
of subsurface projections, and we show that this in turn grows strictly 
faster than linearly along the geodesic. On the other hand, the relative 
metric grows at most linearly in time, hence the proof of the first part of 
Theorem [L3] (Section (Ml . 

The estimate for the hitting measure follows from the fact that along 
a random sample path both the word metric and the relative metric grow 
linearly in the number of steps [MahlOaj, together with a sublinear esti- 
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mate of the deviation between geodesic and sample path along the lines 
of |Tiol2| (Section i}. 

Finally, in Section [5] we show how to apply this method to the simpler 
case of Fuchsian groups, thus proving Theorem ll.il 
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2 Preliminaries 

In this section we review some background and previous results that we 
use, and set up some notation. 

2.1 Notation 

We shall find it convenient to occasionally use 6117 O notation. We say that 
f{x) = 0{g{x)) if there are constants A and B such that ^ A \g{x)\ 

for all X ^ B. In particular, f{x) = 0(1) means that the function f{x) 
is bounded. We will also write f{x) x g{x) to mean that f{x) and g{x) 
are equivalent up to additive and multiplicative constants, i.e. there are 
constants K and c such that 

j^gix) - c < f{x) < Kg{x) + c. 

2.2 Quadratic differentials and Teichmiiller discs 

Let S be a hyperbolic surface of finite type, i.e. a surface of finite area 
which may have boundary components or punctures. We say such a sur- 
face S is sporadic if it is a sphere with at most four punctures or boundary 
components, or a torus with at most one puncture or boundary compo- 
nent. We shall primarily be interested in non-sporadic surfaces. 

Let 5* be a non-sporadic surface with no boundary components, but 
which may have punctures. We will write T{S) for the Teichmiiller space 
of a surface 5", or just T if we do not need to explicitly refer to the surface. 
We shall consider T together with the Teichmiiller metric 

dT{x,y) = ^ ini log K if), 

where the infimum is taken over all quasiconformal maps f : x ^ y, and 
K{f) is the quasiconformal constant for the map /. The mapping class 
group G — Mod(S) of the surface acts by isometries on T, and we shall 
write Tc for the thm part of Teichmiiller space, i.e. all surfaces which 
contain a curve of hyperbolic length at most e. We shall write A4 for 
the quotient G\T, which is known as moduli space. The thin part of 
Teichmiiller space is mapping class group invariant, and we shall write 
Me for the subset of moduli space given by G\%. 

Let Q be the space of unit area quadratic differentials, which may be 
identified with the unit cotangent bundle to Teichmiiller space. We shall 
write TV for the projection tt : Q — >■ T which sends a quadratic differential 
to its underlying Riemann surface, and we shall write fihoi for the Masur- 
Veech measure, also known as the holonomy measure, as it may be defined 
in terms of holonomy coordinates. The measure /Xhoi is mapping class 
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group invariant, and so gives a measure on the moduli space of unit area 
quadratic differentials M.Q = G\Q, which has finite volume. 

A quadratic differential q determines a flat structure on the surface, 
which may be thought of as a union of polygons glued together along par- 
allel sides, where the vertices of the polygons may correspond to points 
of cone angle nn, for n 1. If n ^ 2, then the vertex corresponds to 
a zero of order n — 2 for the quadratic differential q, and for n = 1 the 
vertices correspond to cone points of angle tt which are simple poles for 
the quadratic differential, and correspond to the punctures of the surface. 
There is an affine action of S'L(2,IR) on the flat surface, which gives rise 
to a new quadratic differential. The orbits of quadratic differentials under 
the action of SL{2,'M.) give a foliation of Q by copies of 51/(2, R), and 
we shall write Dq for the orbit of the quadratic differential q. We shall 
write Dq for the image of Dq in T, and this is called a Teichmiiller disc, 
which is geodesically embedded in T. With the metric induced from the 
Teichmiiller metric, Dq is isometric to the hyperbolic plane of constant 
curvature —4, and it will be convenient for us to use coordinates com- 
ing from the disc model of hyperbolic plane, with the initial quadratic 
differential q corresponding to the origin. 

The group of rotations of acts on flat surfaces, and hence on 
Q. In terms of quadratic differentials, rotation by angle in R^ sends 
q H-^ e~^'^g, and this action is trivial on Teichmiiller space T. It follows 
from the definition that holonomy measure is invariant under rotation, 
i.e. fihoi{U) = /ihoi(e**?7), for all 9, for any subset U C Q. In particular, 
this means that if we consider the conditional measure from /Uhoi on the 
image of a point q € Q under rotation, i.e. {e'^g : ^ € [0, 27r]}, then this 
is precisely the invariant Haar or Lebesgue measure on the circle. 

2.3 Curve complex and subsurface projections 

In this section we review the properties we will use of two combinato- 
rial objects associated with a surface, namely the curve complex and the 
marking complex. 

We say a simple closed curve on a surface S is essential if it does not 
bound a disc, and is not parallel to a puncture or boundary component. 
The curve complex C{S) is a finite dimensional but locally infinite simpli- 
cial complex whose vertices are isotopy classes of essential simple closed 
curves on S, and whose simplices consist of collections of curves which 
can be realised disjointly on the surface. For the non-sporadic surfaces, 
the curve complex is a non-empty connected simplicial complex. In the 
case of a torus with one puncture or boundary component, or a sphere 
with four punctures or boundary components, the definition above gives a 
complex with no edges, so we alter the definition to connect two vertices 
if their corresponding curves can be realised by curves which intersect at 
most once (in the case of the once punctured torus) or at most twice (in 
the case of the four punctured sphere). In the case of the annulus the 
curve complex is defined to be the infinite graph with vertices consisting 
of arcs connecting the two boundary components of the annulus modulo 
isotopy fixing the endpoints with edges between two arcs if they can be 
realized disjointly. The curve complex of the annulus is quasi-isometric to 
Z with a quasi-isometry given by the algebraic intersection number. We 
define the curve complex to be empty for the remaining sporadic surfaces. 

We say a subsurface F C S is essential if each boundary component is 
an essential simple closed curve in S. Given an essential subsurface Y C S, 
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which is not a disc or a three-punctured sphere, one can also consider C{Y), 
the complex of curves of Y. There is a coarsely well-defined subsurface 
projection Try: C{S) — )■ C{Y) which we now describe. Choose an element 
in the isotopy class of the curve 7 which has the minimal possible number 
of intersections with Y, and then take a regular neighbourhood of the 
union of the boundary of Y with the intersection of the curve 7 with Y, 
i.e. N{dY{j{'yr\Y)). Choose a component of the boundary of this regular 
neighbourhood to be Try (7). This is coarsely well defined. 

To define the annular projection 7r(7) of a curve 7 with essential inter- 
section with an annulus A essentially one passes to the annulus cover S 
of S given by the core curve a of ^ and chooses T^Ai'y) to be a component 
of the lift of 7 that is an arc running from one boundary component of 
S to the other. The set of components of the lift of 7 that satisfy this 
property form a finite diameter set in the curve complex of the annulus 
S and so the projection is coarsely well-defined. Finally the map tta has 
the property that if Da denotes the Dehn twist about a, then 

rfc(A)(^A(7?L^(7)),^A(7)) = 2 + |n|. (1) 

Thus, defining the projection this way achieves the desired property of 
recording the twisting around a. There is a natural Z action on C{A) by 
Dehn twisting around the core curve of the annular cover 5*. The group 
Z also has an inclusion into the mapping class group of S as Dehn twists 
around a, and so it acts on C{A) through this inclusion. The projection 
map TVA is coarsely equivariant with respect to the two Z actions, we will 
often abuse notation and write ttq to mean the subsurface projection to 
an annulus whose core curve is a. 

A marking consists of a collection of simple closed curves Ui forming 
a maximal simplex in the curve complex, or equivalently, a pants decom- 
position of the surface, together with a transverse curve Ti for each pants 
curve Qi , which is an element of the annular curve complex corresponding 
to Qi. The curves Oi are known as the base curves of the marking. We 
remark that the definition we give here corresponds to the definition of a 
complete marking from |MMOO] . They consider more general markings, in 
which the set of base curves does not need to form a maximal simplex in 
C{S), and all base curves are not required to have a transversal. However, 
complete markings suffice for our purposes. 

If a is a simple closed curve in S, then a clean transverse curve for 
a is a simple closed curve /3, such that a regular neighbourhood of a U 
/3, isotoped to have minimal intersection, is either a sphere with four 
boundary components, or a torus with a single boundary component. A 
clean marking is a marking (ai,Ti), such that each transverse curve Ti is 
of the form 7ra,.(/3i), for some clean transverse curve /3i, which is disjoint 
from the union of the other base base curves Uaj, for j ^ i. A clean 
marking m' = (ai,/3i) is compatible with a marking m — {ai,Ti), if the 
base of m is equal to the base of m' , and for each simple closed curve a; 
in the base, dai{Ti,nail3i) is minimal. There are only finitely many clean 
markings m' compatible with a given marking m. 

The marking complex M{S) is a graph whose points are clean mark- 
ings, and whose edges are given by elementary moves as defined by Masur 
andMinsky [MMOO) . These moves are called twists and flips. In a twist, a 
transverse curve Pi is replaced by the image of the transverse curve under 
a Dehn twist along its corresponding pants curve Z)c«i(/3i)- ^ fl^Pt ^ 
transverse curve Pi and its corresponding base curve a; are interchanged, 
i.e. a new clean marking is chosen which is compatible with the marking 
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formed by replacing (a^, ttq . (/3i)) with tt^. (a)). The mapping class 
group acts on the marking complex and the space of orbits is finite. We 
will write djvf for the induced metric on the marking complex obtained by 
setting the length of each edge equal to one. 

The mapping class group is finitely generated, so a choice of generating 
set gives rise to a word metric, in which the length of a group element is 
the shortest length of any product of generators representing the group 
element. Different generating sets give rise to quasi-isometric metrics. We 
shall assumed we have fixed a generating set, and we shall write da for 
the word metric distance in the mapping class group. Masur and Minsky 
showed that the distance dM in the marking complex is quasi-isometric 
to the word metric do in the mapping class group. 

Proposition 2.1. [MMOOl Theorems 6.10 and 7.1] Fix a complete clean 
marking mo and a system of generators for Mod(S'). Then there exist 
constants C\, C2 such that for each g £ Mod(5) 

C^^dG{l,g) - C2 ^ dM{mo,gmo) < CidG{l,g) + C2 

There is a coarsely well-defined map from the marking complex M{S) 
to the curve complex C{S), which takes a marking to one of the short 
curves in the marking. In particular, for any essential subsurface Y (- S, 
this gives us a map from the marking space M{S) to C{Y), given by 
composing tt and Try. Given markings m and n, denote by dY{m,n) the 
diameter in C{Y) of the union of the projections of m and n. If a is a 
simple closed curve, then da will denote the distance in the curve complex 
of the annulus with core curve a. 

Masur and Minsky [MMOOl Theorem 6.12] proved a distance formula 
expressing the distance in the marking complex M{S), and hence by 
Proposition 12.11 the distance in Mod(S') in the word metric, in terms 
of subsurface projections. Here, we state a slightly simplified version of 
it. Given a number ^ > 0, for any number d, we define a cutoff function 
given by 

\d\ - I if d^ A 
\ otherwise. 

Theorem 2.2 ( [MMOO] Q uasi-distance formula). There exists a constant 
Ao > 0, which depends only on the topology of the surface S, such that 
for any A ^ Aq, there are constants Ci and C2, which depend only on A 
and the topology of S, such that for any pair of clean markings m and m' 
in M{S), 

Ci^dAiirn, m') — C2 < ^ [dy (m, m')J a ^ Ciduirn, m') -|- C2 

YQS 

where the sum runs over all subsurfaces Y of S, including S. 

2.4 Short curves and short markings 

Given a hyperbolic surface X, there is a systole map from Teichmiiller 
space T{S) to the curve complex C{S) given by sending X to a shortest 
curve on X. This map is coarsely well defined: there may be multiple 
shortest curves, but there are only finitely many choices, and they are a 
bounded distance apart in the curve complex, where these bounds depend 
only on the topology of 5*. This follows from the fact that by Bers' Lemma, 
for any surface 5* there is a constant L depending on S such that any 
hyperbolic metric on S contains a simple closed curve of length at most 
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L, and the collar lemma says that for any simple closed curve 7 of length 
L, there is an e > 0, depending on L, such that an e-neighbourhood of 7 
is embedded, and so this bounds the number of intersections of any pair 
of curves of length L. In particular, for any Teichmiiller geodesic 74, this 
gives a sequence of simple closed curves at- 

A reparameterizaUon of R is a continuous, monotonically increasing 
function </) : R — ^ R, which need not be onto. We say a function / from R 
to a metric space is an unparameterized {K, c)-quasigeodesic if there is a 
reparameterization such that / o is a {K, c)-quasigeodesic, which may 
be of finite length. 

Masur and Minsky [MMOO] showed that the image of a Teichmiiller 
geodesic under the shortest curve map is an unparameterized quasigeodesic 
in the curve complex. Rafi [RatlO] showed that the composition of sub- 
surface projection with the shortest curve map gives an unparameterized 
quasigeodesic in the curve complex of the subsurface. 

Theorem 2.3 f |RaflOI Theorem B]). Th ere are constants K and c, which 
only depend on the surface S, such that for any Teichmiiller geodesic 7, 
and any subsurface Y <Z S, the sequence of curves Try (at) arising from 
the projection of the shortest curves at to C{Y) is an unparameterized 
{K,c)- quasigeodesic inC{Y). 

Given a hyperbolic surface X, let us define the shortest marking m{X) 
in the following way. First, choose a pants decomposition by picking the 
shortest simple closed curves in the hyperbolic metric, using the greedy 
algorithm. To be precise, start by choosing one of the shortest curves on 
the surfaces, then choose one of the shortest curves on the complementary 
surface, and continue until you have a pants decomposition of the original 
surface. Then, for each curve a; of the pants decomposition choose a 
transverse curve Ti which is perpendicular to Ui in the hyperbolic metric. 
If there are multiple shortest curves, then the shortest marking may not 
be unique, but there are only a finite number of choices, with a bound 
depending on the topology of the surface. This gives a map from T{S) to 
M{S), which is coarsely well-defined, and we shall write rat for the image 
of a point on a Teichmiiller geodesic 74 under this map. 

2.5 Projections and isolated intervals 

Rafi |Raf07) shows that for any Teichmiiller geodesic 7, and any subsurface 
Y , there is a (possibly empty) interval Iy during which Y is isolated, i.e. 
the boundary components of Y are short in the hyperbolic metric. In 
order to make this statement precise, let us pick a constant eo > which 
is smaller than the Margulis constant. Given a Teichmiiller geodesic 7(t), 
and a simple closed curve a, we shall write Lt{a) for the length of a in 
the hyperbolic metric 7(t). 

Proposition 2.4 ( [RafOTI Corollary 3.3]). Let eo > Q be sufficiently small. 
Then there exists e\ ^ eo such that, for any geodesic m the Teichmiiller 
space and any curve a m S, there exists a connected (perhaps empty) 
interval la such that 

1. Forte la, Lt{a) < eo 

2. Forti la, Lt{a) ^ ei 

Outside the active interval la , the map from the Teichmiiller geodesic 
to the curve complex of the annulus corresponding to a is coarsely con- 
stant. 
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Proposition 2.5 f [Raf07l Proposition 3.7]). There is a constant K , de- 
pending only on the topology of the surface S, and the choices for the 
constants eo and ei, such that if [r, s] n = 0, then 

da{mr, rus) ^ K. 

In the next section we show that the length of the active interval for 
an annulus is roughly log of the projection distance of the endpoints of 
the geodesic into the subsurface. 

2.6 Excursions and twist parameter 

The material in this section is due to Rafi [Raf07|[RaflO) . However, we 
need versions of his results in terms of the excursion parameter, and we 
use some of the contents of the proofs, not just the main stated results, 
so we write out all of the details for the convenience of the reader. 

A horoball H in the hyperbolic plane is a subset of the plane which in 
the Poincare disc model corresponds to a Euclidean disc whose boundary 
circle is tangent to the boundary at infinity. Given a horoball H and a 
geodesic 7 which spends a finite amount of time in H, let us define the 
excursion -E(7, H) of 7 in as the "relative visual size" of the set of rays 
which go deeper than 7 inside H . Namely, consider a basepoint Xq on the 
Teichmiiller disc in T, and let 'yn be the geodesic through Xq which tends 
to the cusp of H, and 7t a geodesic through Xq which is tangent to H . 
Let 00 be the angle between 7 and 'yn, and (f)max be the angle between 
7h and 7t (see Figure |3}. Then 

Definition 2.6. 

E{^,H)~^^ (2) 
90 

It turns out that E{"f, H) is, up to an additive error, also the hyperbolic 
length of the projection of 7 n to the complement of H. 




Figure 3: Excursion in the horoball H. 

Let {X, q) be a quadratic differential on X, and a a simple closed curve 
on X. The choice of q determines a Teichmiiller geodesic 7 and a pair 
{F^,F^) of contracting and expanding foliations. Each t determines a 
new quadratic differential qt and hence a flat metric on X, which we will 
call the gt-metric. 
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For a given t, a is realized by a family of parallel flat geodesies, and 
we will denote as Pt the perpendicular to a in the qt-metric. The twist 
parameter twf (a) is the highest intersection number between a leaf of 
and the transversal Pt, and similarly we define tu)(~(a). 

Given a simple closed curve a corresponding to metric cylinder, there is 
a unique rotation e'*° which takes the metric cylinder to a vertical metric 
cylinder. The endpoint of the geodesic ray corresponding to the quadratic 
diff'erential e'"" q determines a point on the boundary at infinity of the 
Teichmiiller disc D. We shall write H^{a) as the set of points in the disc 
for which a is short in the fiat metric: 

H,{a) := {g e D : i^ia) ^ e} 

As seen in the disc, this set is a horoball the tangent to the boundary at 
infinity at The fundamental estimate is the following: 

Proposition 2.7. Let H = H^{a) as above, and let ti and t2 respectively 
be the entry time and exit time from H (i.e. t\ ^t^) along the Teichmiiller 
geodesic 7. Let moreover A be the area of the maximal flat cylinder in 
{X,qo) with core curve a. Then 

twT, (a) - tw^^ {a) X jE{j, H) 

Proof. Consider the universal cover of the flat cylinder corresponding to 
a at time t, in the flat metric qt. We shall assume that the contracting 
foliation is vertical, and the expanding foliation is horizontal. Let It be 
the length of a at time t, and let 9t be the angle at makes with the vertical 
contracting foliation, as illustrated below in Figure U 




Figure 4: Estimating intersections in the flat annulus. 

Let ht and vt be the horizontal and vertical lengths of it in the qt 
metric, i.e. 

ht = /loe' ~ (-0 sin Oqc^ 
Vt = iioe"' = ^ocos^oe"' 
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Let Wt be the length of /3t, which is the width of the flat annulus. Let Ht 
be the length of the intersection of a leaf of the horizontal foliation with 
the universal cover of the flat annulus, and let Ht be the length of the 
intersection of the horizontal leaf with two adjacent translates of fit- 

Up to constant additive error, tw^ (a) , which is the maximum number 
of intersections between the horizontal leaf of the foliation and /?, is given 
by Ht/Hi Therefore 

^ \ , r^f-i\ ■^t sin , , 

(«)-^ + 0(l)-^;^+0(l). 

The area of the annulus is A = wtlt, and tan 9t = tan so this implies 

that 

twT (a) = ^ tan Ooe^* + 0{1). (3) 
'-t 

The total length of a is given by 

~ hi + v'i — i'o(sin^ ^oe^* + cos^ Soe~^*), (4) 
and recall that we choose ti such that l^. — e, which by Q implies 

twT^{a) ~ twt^{a) = ^ tan 610(6^*=^ -e^*i) + 0(l) (5) 
Note that by definition the ti are solutions to the equation 

= ^o(sin^ fi'oe^*' + cos^ &oe~^*') = e i = 1, 2 
If we set Xi := e^*' , then Xi are the solutions to 

X + tA^=^ (6) 



ti sin^ 00 tan^ 6*0 

hence 



and putting ((6)) and ((T]) together 



/ ,2 


4 


e.1 sin'' 6»o 


tan^ ^0 



i™r,(«)-t™r,(«) = l^^^(e^'^-e^'i)+0(l) = -J . -4+0(l) 

(8) 

Let us now relate this quantity to the excursion in the horoball H. 

Let (jimax be the angle between a geodesic tangent to H and the 
geodesic 7h which goes straight into the cusp of H . We have the 

Lemma 2.8. ^ 

sin (jjrnax — "^2" 

Proof. When 60 = 9max then the geodesic is tangent to the horoball H, 
hence ti = t2 in eq. (O, so 



The claim follows by recalling that a rotation of angle 6 in the flat metric 
picture corresponds to multiplying the quadratic differential by e^'" , hence 

(pmax — '^Omax • I— 1 
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The proposition now follows easily from the lemma, eq. ([SJ and the 
fact that 00 = 26o: 



twt^ (a) - twt^ (a) = . \ 1 - h 0(1) X —£(7, -ff) 



e sm 00 y sm^ <Pmax e 
where in the last equality we used equation ([2]) and the fact that sin 



□ 



Remark. Note that one can also relate the twist parameter to the time 
spent by the geodestc tnside the horoball, namely 

tw^^ia) ~ tw-{a) X ^(e'=-'i -c'l-'^) 

The distance between the projections from the marking complex to the 
complex of the annulus can be compared to the excursion in the horoball: 

Proposition 2.9. Let e > sujficiently small, and {Xo,q) a unit area 
quadratic differential, which determines the geodesic ray ■yt- Let A be the 
q-area of the maximal flat cylinder with core curve a, and suppose that a 
is not short in the q-metric (i.e. £q{a) > e). If the geodesic 7 crosses the 
horoball H = Ht(,a) and t is larger than the exit time of from H, then 

da{mo,mt) X — £(7,!/) 
e 

where mt is the shortest marking on 74, and the quasi-isometry constants 
depend only on Xq, e and the topology of S. 

Before proving the proposition, let us recall the definition of extremal 
length: 

Ext^a) :=sup%^ 

where the sup is taken over all metrics p in the same conformal class as 
a. For any quadratic differential q with area 1 and any curve a, 

{U{a)f ^ Ext^a) < £:fMe^^(")/2 

where the left-hand side is by definition, while the right-hand side is due 
to Maskit [Mas85) . and Lcr{a) is the length of a in the hyperbolic metric 
corresponding to the conformal structure a. 

Recall tw^ denotes the twist parameter in the flat metric associated 
to q, as defined in the previous section. Analogously, given a hyperbolic 
metric cr on S and a simple closed curve a, we can define a twist param- 
eter tw^{a) with respect to the hyperbolic metric by taking a curve [3 
perpendicular to a with respect to the hyperbolic metric and letting 

twt{a) ~i{F^,p) 

The following proposition of Rafi relates the two twist parameters: 

Proposition 2.10 ( |Raf07l Theorem 4.3]). The two twist parameters are 
the same up to an additive error comparable to l/Lo-(a). That is, 

twf{a) = tWq{a) + O 



L^a) 
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Proof of Provosition \2.9\ Let us choose eo in such a way that if £g{a) — e, 
then La{a) ^ eo. Let ti and t2 be the times when the gt-length of a 
is exactly e, and let t > t2. By the previous choice, L^f (a) ^ eo for 
i = 1,2, so by Proposition 12.41 [0. ti ] and [i2,t] are disjoint from la, hence 
by Proposition 12.51 

da{mo,mt) = da{mti,mt2) + 0{l) 

On the other hand, the progress in subsurface projection across the horoball 
is comparable to the progress in the twist parameter for the hyperbolic 
metric, 

da{mti,mt^) = \ia{Pti,F+)-ia{Pt^,F+)\+0{l) = (a)|+0(l) = 

and by Proposition 12. lOl it is also comparable to the progress in the twist 
parameter defined via the fiat metric: 

and since L^^ {a) ^ eo 

da{mo,mt) = (a) - tWg^{a)\ + 0(1) 
Finally, by Proposition 12. 7l the twist is comparable to the excursion, thus 

da{mo,mt) X --E{'y,H) 

□ 

2.7 Coarse monotonicity for the word metric 

In [RaflOj . Rafi shows the following non-backtracking or reverse triangle 
inequality for subsurface projections along a Teichmiiller geodesic. Recall 
that given a Teichmiiller geodesic 7t we write mt for the shortest marking 
at 7i, and we write dyinis, mt) to mean the distance in the curve complex 
C{Y) between the images of nis and mt under subsurface projection to Y. 

Theorem 2.11 f [RaflOl Theorem 6.1]). There exists a constant C, only 
depending on the topology of S, such that for every Teichmiiller geodesic 
7, and every subsurface Y , 

dvimr, ms) + dY(ms,mt) ^ dY{mr,mt) + C, (9) 

for all constants r ^ s ^t. 

The above theorem along with the Masur-Minsky quasi-distance for- 
mula 12.21 implies that the distance in the marking complex is coarsely 
monotonic along a Teichmiiller ray. 

Proposition 2.12. There exists constants Ci > and C2 that depend 
only on S such that along a Teichmiiller geodesic 74, for < s < t the 
distance in the marking complex satisfies 

dM{mo,ms) < CidM{mo,mt) + C2. 
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Proof. Let C be the constant in Rail's reverse triangle inequality, Theorem 
12.111 Assume < s < t, then ([SJ imphes 

dY{mo,mt) ^ dY{mo,Tns) — C, (10) 

for all subsurfaces Y (- S. The Masur-Minsky quasi-distance formula 
(Theorem 12. 2p holds for all floor constants sufficiently large, though the 
quasi-isometry constants depend on A. Choose a floor constant A > 2C, 
and let Ki and K2 be the associated quasi-isometry constants. By the 
definition of the floor function, if Ix\a is non zero, then x ^ A. This 
implies that x — A/2 ^ x/2, and as the floor function is monotonic, 

Ix- A/2\a^ \x/2\a. (11) 
As we have chosen A > 2C, combining (1101) and (|lll) implies 

[dy(mo, mt)J A > [|dy(m(), ms)J A, (12) 

again for all subsurfaces F C S. Now summing p2p over all subsurfaces 
y C 5, the quasi-distance formula implies 

dM{mo,mt) > {^^[\dY{mo,ms)\A ~ K-^ . 
By definition of the floor function, [|a;J a = | L^^Jza, so 

dM{mo,mt) > (^^L'^y(mo,ms)j2A - 2K2 

The quasi-distance formula holds for all A sufficiently large, so in partic- 
ular holds for 2A, though with different quasi-isometry constants, which 
we shall denote K3 and K4. This implies that 

dM{mo,mt) ^ ^ {dM{mo,ms) - K-^Ki - K2) ■ 

ZK1K3 

whence the result. □ 



2.8 Projection to closest Teichmiiller lattice point 

Let 5 be a quadratic differential, let qt be the image of q under the Te- 
ichmiiller geodesic flow after time t, and let Xt be the image of qt in T. 
The orbit of Xq under the mapping class group is called a Teichmiiller 
lattice, and let htXo be a choice of closest lattice point in T to Xt, i.e. 
such that 

dT{htXo,Xt) < dT{hXo,Xt) for all h G Mod(5'). 

For any given point Xt, there are at most finitely many closest lattice 
points, however it is possible that the number of closest lattice points 
increases as you choose points deeper in the thin part. Let mt be a 
shortest marking on Xt, and da the word metric on the mapping class 
group with respect to some choice of generators. 

Lemma 2.13. If Xo and Xt both Ite m the thick part T\ 71, then 

dai^, ht) X dM{mo, mt) 

where the quasi-isometry constants only depend on Xo, the choice of e and 
the generating set for the mapping class group. 
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Proof. Let Ki be the diameter of the thick part T\ 7^ in moduli space; 
then, by definition there exists a group element g such that in Teichmiiller 
space dr{gXo,Xt) ^ Ki, so by definition of ht 

dr{htXo,Xt) ^Ki. 

Hence by group invariance 

dT{Xo,K^Xt) iiKi. 

In the Teichmiiller ball of radius Ki only finitely many markings appear 
as short markings, hence there exists K2, depending only on Ki, and the 
surface S, such that the distance in the marking complex is bounded: 

dM{mo,ht^mt) ^ K2. 

As a consequence, 

\dM{mo,mt) - dM{mo,htTno)\ < dM(htmo,mt) = dM{mo,ht^mt) ^ K2, 

Finally, the distance in the word metric dailjht) is quasi- isometric to the 
distance dMimo, htmo) in the marking complex by Proposition 12.11 □ 

By combining the previous lemma with the coarse monotonicity state- 
ment of Proposition 12 . 1 2l we get that the word length of the closest point 
projection to the Teichmiiller lattice is coarsely monotone along the thick 
part of a Teichmiiller ray: 

Proposition 2.14. There exists constants Ci > and C2, that depend 
only on Xo and eo and the choice of generators, such that along a Te- 
ichmiiller geodesic 74, for < s < t the word metric satisfies 

dG{l,hs) CidGil,ht)+C2. 

whenever 70, 7s and jt all he m the thick part T\ %q ■ 

3 Lebesgue measure sampling 

The goal of this section is to study the asymptotic behaviour of typical 
Teichmiiller geodesies with respect to Lebesgue measure, proving Theorem 
11.31 More precisely, we want to keep track of short curves in the flat metric 
as the metric changes under the action of Teichmiiller flow, and prove an 
asymptotic result (Theorem 13. 3|l . 

3.1 Metric cylinders with bounded area 

Let (jf be a quadratic differential of unit area. A metric cylinder for q is 
a cylinder in the fiat metric associated to q which is the union of freely 
homotopic closed trajectories of q. We shall label each metric cylinder by 
the homotopy class a of the corresponding closed trajectory. 

Let us now fix some < S < 1, and let Cq{5) be the set of metric 
cylinders for the g-metric with area bounded below by S. Moreover, let 
us denote by Cq {S, e) the set of cylinders whose area is bounded below by 
5 and whose core curve has length shorter than the square root of e: 

Cq{S,e)~{a€Cq{S) : ^'(a) < e} 
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Lemma 3.1. Suppose e < 5. Then any two distinct elements ofCq{S,e) 
are disjoint on q. As a corollary, the cardinality of Cq{S,e) is bounded 
above by a constant which depends only on the topology of S. 

Proof. As in [Mas93) . Lemma 2.2. Denote by a the core curve of some 
cylinder which belongs to Cq{5, e). Since the metric cylinder of a has area 
A{a) ^ (5, any curve r which crosses a is such that 5 ^ lq{a)£q(T) ^ 
£q{T)^, hence £q{r) > ^/e, so r cannot belong to Cq{S,e). □ 

Given the quadratic differential q, let us denote as Nq{S, T) the number 
of cylinders in the g-metric which have area bounded below by S and length 
smaller than T. As Masur and Eskin showed, Nq{5, T) grows quadratically 
as a function of T: 

Theorem 3.2. There exists < 5 < 1 and a constant cs > such that, 
for almost every quadratic differential q of unit area, we have 

r Nq{S,T) 

hm = cs 

T->oo T^ 

Proof. Let < 5 < 1. By the general counting argument of Eskin- 
Masur [EMOll Theorem 2.1] applied to the set of metric cylinders with 
area bounded below by 5, we get the existence of the limit cs almost 
everywhere. On the other hand, by [Mas93l Proposition 2.5], for every 
quadratic differential there exists some 3 > such that lim infT^oo ^''l^i'^'' > 
0, so the constant eg must be positive for some 5. □ 

A finer statement, at least in the case of translation surfaces, is due to 
Vorobets [Vor05] . 

3.2 Asymptotic length of short curves 

Let us now quantify the idea of keeping track of short curves in the fiat 
metric. For the rest of the paper, we will fix some 5 > for which Theorem 
13.21 holds, and some e < 6. Let us define the function L : QA4 — ^ K as 



Pq{a) 

Note that by Lemma [3. li the number of terms in the sum is always finite, 
so the function is well-defined. Let us fix denote by qt the image of the 
quadratic differential q under the Teichmiiller geodesic flow after time t. 
Our goal is to prove that the ergodic average of L is infinite: 

Theorem 3.3. For fihoi-a.e. quadratic differential q of unit area, we have 
hm = 00 

T^oo T 



In the proof of Theorem 1 3. 3 1 we will make use of the following relations 
between metric cylinders and the geometry of Teichmiiller discs. Let us 
fix a base point qo in the space of quadratic differentials, and call D the 
Teichmiiller disc given by the S'L2(R)-orbit of go. For every metric cylinder 
a on go, there is an angle 9a such that a is vertical in the quadratic 
differential e'"" go. The angle 6a determines a point in the circle at infinity 
of D. For each metric cylinder on go with core curve a, let us define the 
set 

H,{a) ~{q€B : fq{a) < e} 
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of points in the Teichmiiller disc for which the length of a is less than 
the square root of e. Recall the metric induced on D by the Teichmiiller 
metric is the hyperbolic metric of constant curvature —4, and He (a) is a 
horoball for that metric. 

Lemma 3.4. The Euclidean diameter s of the horoball H^{a) is 

- 26 

where £qg{a) is the length of a in the flat metric associated to the quadratic 
differential qo. 

Proof. By integrating the hyperbolic metric of curvature —4 we have 

d{qo,H,{a)) = / = - log 

Jo I - 2 s 

and, since the Teichmiiller map exponentially shrinks the curve a, 

hence the claim. □ 

We will need the following estimate from elementary Euclidean geom- 
etry: 

Lemma 3.5. In the unit disc, let 9{r, R) be the angle at the center of the 
disc corresponding to the intersection of the circle of radius \ centered 
at the origin, with a circle of radius r ^ tangent to the boundary, with 
i? + 2r — 1 ^ 0. Then there is a constant K such that 



— y/{l~R){R+2r-l) < e{r, R) ^ K ^ (1 ~ R){R + 2r - 1). 

Proof By thelawofcosines, = (l-r)^ + 7?^-2_R(l-r)cos(6l/2). The 
claim follows by standard algebraic manipulation and approximation. □ 

Let qt,e denote the quadratic differential given by flowing the quadratic 
differential e'^qo for time t. 

Lemma 3.6. For almost every quadratic differential qo there exists a 
constant c > 0, such that for each e > there exists a time tc such that 

J2 Leb({e e [0, 27t] : qt,e G H,{a)}) 5^ ce V t > t., 
where Leb denotes Lebesgue measure on the circle. 

Proof. Let ^ < R < 1, and consider the set of horoballs of the collection 
He{a) with a £ CqQ{S,e) and Euclidean diameter s ^ |(1 — R). By 
Lemma [3.4l these horoballs correspond precisely to metric cylinders with 
core curve a such that 

By Theorem 13.21 the number of such cylinders is, for R large, at least 
^ slf-R) ^' Lemma 13.51 every corresponding horoball intersects the 
circle of Euclidean radius R centered at the origin in an arc of visual 
angle 

- ^ (l-R) 



KV2 
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and by Lemma |3 . 1 1 every quadratic differential belongs to at most a uni- 
versally bounded number M of horoballs, hence the total visual angle is 
least 57^6. □ 



In order to prove Theorem 13.31 let us first define a discretized version 
of L. Namely, for each n and a we denote as Hn{a) the horoball 

Hn{a) ~{qeB : £^(q) 2-"e} 

Now, the function * : QM — 5> R is defined as 

oo 

aeCq(S) n=l 

It is easy to see that ^' is bounded above by a multiple of L: 
Lemma 3.7. For each quadratic differential q, we have 

*(<?) < 4eL(g) 

Proof. Let a £ Cq{5) be a short curve on q: then there exists a positive 
integer M such that 

<: ilia) < 2-^+'e 
Now, since q lies in Hi{a) U ■ • ■ U HM{a), 

^' 4e 



E 2"XiJ„(.) s; 1 + 2 + . . ■ + 2^-^ < 2 • 2*^ < 

n=l ""J^ 



and summing over a yields the claim. □ 

Proof of Theorem \y.3l By Lemma [3. 71 it is enough to prove the statement 
for ^. Let us now truncate the function ^ by defining, for each A'', 

JV 

*'v(g):= E E2"XH„M 

aeCq(S) n = l 



Let us now fix A*'. By Lemma|3TTJ ^Pat is bounded on the moduli space A4 Q 
of unit area quadratic differentials, hence /ifioj-integrable; by ergodicity 
of the geodesic flow, for a generic Teichmiiller disc for almost all radial 
directions 8 the ergodic average of ^'jv along the flow tends to its integral: 

hm r = / *^(,) d^,^, fo, a.e. 6 

T->-°°io T Jj^Q 

Then, if we integrate both sides w.r.t. to the angular measure dO and 
apply the dominated convergence theorem, 

^lim def^ 5:^1^ . / 

and by Fubini 



MQ 



y Jo dtJ^,^M{qt,e) dO f , . 



T-i-oo T 
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Now, by Lemma 13.61 for each t > Tj-jv 

JV 



/ *iv(gt,s) ^ V 2" ■ c2-" = cN 
-'si „=i 



hence 



Since the previous estimate works for all A'^, then also 

L{q) d/ihoi = oo 

MQ 

hence the ergodic average tends to infinity almost everywhere: 

lim / I^(gt) dt ^ /■ L(^q) dfihoi = OG iox a..e. q £ MQ. 



□ 



3.3 Average excursion 

Let us now turn the asymptotic estimate of the previous section into an 
asymptotic about excursions. If g is a quadratic differential, let us denote 
as 7q the corresponding Teichmiiller geodesic ray. We now define the 
concept of total excursion traveled by the geodesic 7, inside the horoballs 
up to time T: 

Definition 3.8. Given a quadratic differential q, the total excursion 
E{q,T) is the sum of all excursions in all horoballs crossed by the geodesic 
ray jq up to time T: 

E{q,T):= E{'yq,H,{a)) 

75([O,T])nH,(a)/0 

Our goal is to prove that also the average total excursion is infinite. 
Theorem 3.9. For ^hoi-almost every quadratic differential q of unit area, 

y E{q,T) 

hm — — — = 00 

T^oa T 

Theorem l3.9l follows from Theorem 13.31 and the following 

Proposition 3.10. Let q be a quadratic differential with geodesic ray 7,, 
and letT > be such that both q and jq{T) lie outside all horoballs of the 
type H^{a). Then 

''^ L{qt) dt^ -E{q,T) 
e 

for some universal constant C . 

Proof. Let a G Cq{5) be a curve which has become short before time T, 
i.e. such that 7g([0,r]) n Ht{a) is non-empty. Let Ti be the time the 
geodesic enters H^{a), and T2 the time the geodesic exits. Moreover, let 
A'^ be the maximum integer k such that the geodesic enters Hk{a). Note 
that there is a universal constant Ci such that for each n ^ 1 and each a 

Leb({tG[0,T] : g* G /f„+i(a) \ i?„(a)}) s? Ci 
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Then 

/ WT-^ dt^Y] —heh{{t G [0, T] : qte iJ„+i(a)\i/„(Q)}) < ^ 

In order to compare the right hand side with the excursion, let us denote 
by e the smallest value of ^\^{ol) along the geodesic ray 7^. By the defi- 
nition of A'^, we have e x e. Now, by the definition of excursion and 
Lemma 12.81 

Eiriq, H,{a)) = — — X . = - X 2 

00 sm 00 e 

(where all the approximate equalities hold up to multiplicative constants) , 
hence the claim follows. □ 

3.4 The word metric 

Let us complete the proof of Theorem [L3] by proving that the word metric 
is bounded below by the total excursion. Let us pick eo to define the thick 
part as in section 12.51 and let us choose 5 so that Theorem 13.21 holds. 
Finally, we choose e so that if X belongs to the thick part T \ T^q ^^'^ ^ 
is the core curve of a metric cylinder of g-area larger than 5 on X, then 
ilia) ^ e. 

Let Xo lie in the thick part T\Tto , and let 7 be a Teichmiiller geodesic 
with 7(0) — Xo- Recall for each time t, /it is a closest point projection of 
■y{t) to the Teichmiiller lattice. 

Proposition 3.11. If ^(T) lies m the thick part T \TeQ , then 
daihhT) ^CiE(-i,T)-C2 

where the constants depend only on Xq, the choice of to and the choice of 
generating set for Mod(S). 

Proof. Since 7(0) and 7(r) lie in the thick part, by Lemma 12.131 
dG(l, hr) X dM{mo,mT) 

By the Masur-Minsky quasi-distance formula (Theorem 12. 2p . for any B 
large enough 

dM(mo, mr) X ^ [dy(mo, mT)jB > ^ lda{mo,mT)\B 

YCS 7([O,T])nH,(Q)5^0 

where on the right-hand side we only consider projections to annuli of 
area bounded below, and whose core curve becomes short before time T. 
Now by Proposition 12.91 for some constants Ki and K2, 

da{mo,mT) > KiE{j,H,{a)) - K2 

so if B ^ K2 

[dc(mo,mT)Ji3 > [KiE{'y,H,{a))^K2\B > ^[E{-f, H,{a))\ 2b 

2 

and we can choose e a bit smaller than e so that lE{"f,H^{a)\2B_ ^ 
£(7, Hi{a)), hence 

ld^imo,mT)\B:^ E{-/,Hi{a)) = E{q,T) 

7([O,T])nH,{a)7^0 7([O,T])nHf{a)7^0 

□ 
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Proof of Theorem By Theorem 12.31 the relative metric is a lower 
bound for Teichmiiller distance, i.e. there exist constants K, c, depending 
only on the topology of S, such that 

d,.ei{l,hT) ^KT + c 

Theorem 11.31 then follows from Theorem 13.91 and Proposition 13. Ill □ 



4 Hitting measure sampling 

Let /i be a finitely-supported measure on the mapping class group G = 
Mod(S). The step space is the infinite product with the product 
measure P := /x". Let w„ = gig2 ... (72 be the location of the random walk 
after n steps. The path space is G", with the pushforward of the product 
measure under the map 

{91,92,93, ■■■) ^ {wi,W2,W3, . . .). 

It will also be convenient to consider bi-infimte sample paths. In this case 
the step space is the set G^ of bi-infinite sequences of group elements with 
the product measure. The location of the random walk is given by uio ~ 1, 
and w„ = gig2 ■ ■ ■ 9n if n, if n is positive, and Wn = 9o^9Zl ■ ■ -9^-1, if 
n is negative. The path space is G^, as a set, but with measure coming 
from the pushforward of P under the map 

{■■■ ,9-1,90,91,92, ■■■) ^ {■ ■ ■w^i,wo,wi,W2, ...). 

Let us fix a base point Xq G T, and consider the image of the sample 
paths WnXo in T. Kaimanovich and Masur showed that almost every 
sample path converges to a uniquely ergodic foliation in the space VMJ- 
of projective measured foliations, Thurston's boundary for Teichmiiller 
space. Recall that the harmonic measure v on VMJ- is defined as the 
hitting measure of the random walk, i.e. for any measurable subset A C 
VMF, 

v{A) ■- ¥{w„ : lim WnXo G A) 

n—^CG 

Theorem 4.1 (Kaimanovich and Masur [KM96]). Let ^ be a probability 
distribution on the mapping class group whose support generates a non- 
elementary subgroup. Then almost every sample path {wn)net>i converges 
to a uniquely ergodic foliation in VMJ- , and the resulting hitting measure 
V is the unique non-atomic ^-stationary measure on VMJ-. 

The mapping class group is finitely generated, and let da be the word 
metric on the mapping class group with respect to some choice of gen- 
erating set. Since the mapping class group is non-amenable, the random 
walk makes linear progress in the word metric da , or indeed in any metric 
quasi-isometric to the word metric. 

Theorem 4.2 (Kesten [Kes59) . Day |Day64| ). Let fj, be a probability dis- 
tribution on a group, whose support generates a non-amenable subgroup. 
Then there exists a constant ci > such that for almost all sample paths 

limMili^^c,. (13) 

n— )-oo n 

Even though the relative metric is smaller than the word metric, a 
more recent result proves that the growth rate is still linear in the number 
of steps. 
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Theorem 4.3 f [MahlOa] ). Let /i be a probability distribution on the map- 
ping class group, whose support generates a non-elementary subgroup. 
Then there is a constant C2 > such that for almost all sample paths 

drelil,Wn) 

lim ^ — C2 

From these results it follows that the quotient between the word metric 
and the relative metric converges to Ci/c2 for almost every sample path, 

lim Pll^ = £1 

n-»oo drel{l, W„) C2 

for almost all sample paths. The limit above is a limit taken along the 
locations (ui„)„gN of the random walk. In order to compare this to the 
previous statistic we need to relate locations of the random walk to points 
on a Teichmiiller geodesic. 

Because of Kaimanovich-Masur, for almost every bi-infinite sample 
path w G G^, there are well-defined maps 

: VMT 

given by 

F^{w) :— lim WnXo 

n— >oo 

and 

F~{w) ~ lim W-nXo- 

n— f oo 



Furthermore, the two foliations F^{w) and F^{w) are almost surely 
uniquely ergodic and distinct, so there is a unique oriented Teichmiiller 
geodesic 7^, whose forward limit point in VMT is F^{w) and whose 
backward limit point is F~{w). There is also a unique geodesic ray pu, 
starting at the basepoint Xo whose forward limit point is F'^ . We shall 
always parameterize as unit speed geodesic with pw{0) — Xq. As is 
uniquely ergodic, the distance between 7^, and tends to zero [Mas80] . 
and we shall parameterize 7^, such that d-r{pw{t),"fm{t)) — >■ 0. 

For each bi-infinite sample path we can define the function 

D -.G^ 

given by 

D{w) :=dr(Xo,7») 
which represents the Teichmiiller distance between the base point Xq and 
the geodesic 7™. This is well-defined and measurable, by Lemma 1.4.4 of 
[KM96) . In particular, this implies that for any e > there is a constant 
M such that the probability that D{w) M is at least 1 — e. 

The shift map a maps the step space to itself by incrementing the 
index of each step by one, i.e. 

This is a measure preserving ergodic transformation on the step space, 
and the induced action of a on the path space is given by 
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4.1 Distance between geodesic and sample path 

The geodesic 7™ is determined by its endpoints F^{w) and F~{w), and 
the distribution of these pairs is given by harmonic measure u and reflected 
harmonic measure P respectively. 

The distance from a location w„ to the corresponding geodesic 7^, is 
given by 

since the mapping class group acts on T by isometrics, and by the defini- 
tion of the shift map, 

dT{w„Xo,'yw) = driXoj'ja^w)- 

As already noted in [KM96| . if e is sufficiently small, almost every 
geodesic with respect to harmonic measure returns to the e-thick part 
T\Tt infinitely often. 

Our goal is to show that every step of the random walk lies within 
sublinear distance in the word metric from some point in the thick part 
of the limit geodesic. In [Tiol2] . sublinear tracking is proven in the Te- 
ichmiiller metric: we will adapt the argument to the word metric. First, 
we give a general criterion which guarantees that a sequence of real num- 
bers (ci„)„gN grow sublinearly. We then apply this to our set up, where 
the sequence d„ will correspond to distance between locations of the ran- 
dom walk and certain lattice points close to the corresponding Teichmiiller 
geodesic ray, in either the word metric, or the Teichmiiller metric. 

Lemma 4.4 f lTiol2) ). Let dn ^ be a sequence of non-negative real 
numbers, such that 

1. |d„ — dn+i\ < (. for some I > Q 

2. For each p> Q, there exists M ^ such that 

#{fc : 1 s; s; n,dfc > M} ^ 
lim sup — ^ p 

Then 

Um ^ = 

n — ^00 n 

Proof. Suppose on the contrary that there exists c > and a subsequence 
{rife} such that ci„^ ^ crife. Let now M be any real number. By (1) 

dn^-h > dnfc - W > cnfe - M 

hence by choosing rik ^ we have 

dn^-h > ^rik ^ M for each < /i 

hence there exists a set A C N of density at least ^ such that dk ^ M 
for k £ A. By choosing some p < ^ we contradict condition (2). □ 

We now explain how to apply the lemma above in the current setting. 
Given a point X £T, let us denote as proj(X) the set of lattice points at 
minimal distance from X: 

proj(X) ~ {h £ G : dr{hXo, X) is minimal} 
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Such a projection may possibly vary wildly if X lies in the thin part, but 
it is controlled in the thick part: namely, given e > there is a constant 
K{e) such that 



driX, hXo) ^ K(e), "iX i% Vft G proj(X) 

We now associate to almost every sample path w a subset P(u;) of the 
mapping class group, which we now describe. Almost every bi-infinite 
sample path w £ determines two uniquely ergodic foliations, F'^{w). 
Let 7u, be the bi-infinite Teichmiiller geodesic joining them. Now, let us 
define P{w) as the set of mapping class group elements h G G such that 
hXo is the closest projection from some point X in 7^, \ 7^, i.e. 

P(w) := y proj(X). 
This is illustrated in Figure [S] 




Figure 5: Sample path locations and basepoint orbits close to the geodesic. 

The key result is the following: 

Proposition 4.5. Fix e > 0, sujficiently small. Then for almost every 
sample path (w„)„gM, with corresponding Teichmiiller ray p^, there exists 
a sequence of ttmes t„ — > 00 with pw{tn) G Pw\Tc, such that 

hm MIUjhM = 

n— f 00 n 

for any hn G proj(pu,(t„)). 

Proof. Let us fix e > sufficiently small. Recall that P{w) is the collection 
of group elements corresponding to closest lattice points to points on the 
geodesic 7^ which lie in the thick part of Teichmiiller space. Note that, 
since the mapping class group acts by isometrics with respect to both the 
Teichmiiller and word metrics, then P is equivariant, in the sense that 

P((t"ui) = P{w) 
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Let us now define the function tp : — >■ R on tlie space of bi-infinite 
sample patlis as 

ip{w) ■- dG{l,P{w)) 

i.e. the minimal word-metric distance between the base point Xq and the 
set of closest projections from the thick part of the geodesic 7„. The shift 
map a : — >■ acts on the space of sequences, ergodically with respect 
to the product measure ^ . By the equivariance of P, we have 

(y3((T"w) = dG{w„,P{w)) 

Since tp attains finite values almost everywhere, for each p > one can 
choose M > Q such that 

Hence, by ergodicity, for almost all sample paths w, 

#{1 s; fc SC n : <p(a*w) > M} ^ 
lim — ^ p 

n—^oo Tl 

Now, since the measure is finitely-supported, then the function ip has 
bounded increments; indeed, 

Ma"w) ~ ^{a"+^w)\ = \dG{l,P{a"w))-dG{l,P{a"+'w))\, 

and by the equivariance of P, this is equal to 

{dGiWn, P{w)) - dG(w„ + l, P(ui))| < dG(lA'n, + ^ D, 

where D is the diameter of the support of the measure /i. Then by Lemma 
14.41 setting d„ := ^^(ct^w), it follows that for almost all bi-infinite paths 
w 

lim rfg(«'n^-PH) ^0 

n— ^oo TL 

By definition oiP(w), there exists a sequence of times t„, such that 7u,(tn) 
lies in 7ii, \ 7^ , the e-thick part of the geodesic 7^, , and group elements 
Pn & G such that pn G proj(7ii,(f„)), and furthermore 

lim ^g("'".P") ^o. (14) 

n— >oo 72 

Now let be the terminal foliation of the geodesic 7^, and denote as 
Pw the geodesic ray through Xq with terminal foliation . We have 
obtained a sequence of points lying in the intersection of the geodesic 7™ 
with the thick part T \%, and we now show how to obtain a sequence 
of points lying in the intersection of the geodesic p^ with the thick part 
T\%. 

Recall that since 7^ and p^, have the same terminal foliation F'^ , 
and P^ is almost surely uniquely ergodic, then the distance between the 
positive ray p^ and the geodesic 7™ tends to zero, and we have chosen 
parameterizations such that d-r{'ym{t), pw{t)) — >■ 0. In particular, after 
discarding finitely many initial values, we may assume 

dT{l-w{tn),Pm{tn)) < ' 

for all n. Now for each n sufficiently large consider the sequence take 
p-w Then: 
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1. By Wolpert's lemma, pwitn) lies in the |-thick part; 

2. if hn G proj(pi„(t„)), then dripwitu), hnXo) ^ -K"(f ) so 

dT{hnXo,PnXo) ^ dr{h„Xo, Pw{tn)) + dT{pw{tn),'~fw{tn)) + dr {■fw (tn) , Pn 

hence do (/in, Pn) ^ -ftT', so by eq. (|14p we have also lim dn(wn. h„)/n ^ 
0. 

This completes the proof of Proposition 14.51 □ 

4.2 Intermediate times 

So far, we have shown that every step of the sample path is close enough to 
some point on the thick part of the geodesic, hence the closest projection 
to the lattice will behave like the sample path. However, we still need 
to deal with the case in which there are points in the thick part of the 
Teichmiiller geodesic which are not close to the sample path. 




Pw{tn) Pw{T) Pwitn+l) 



Figure 6: Intermediate times. 

Proof of Theorem ] 1.3[ Given a sample path w, let p^ be the geodesic 
ray joining the base point Xo to the limit foliation F'^{w), and let tn 
be the sequence of times given by Proposition 14.51 Let now T > be a 
time for which the geodesic pwiT) lies in the thick part, and let /it^o 
be a projection of pw{T) to the Teichmiiller lattice. Since tn — >■ oo, there 
exists an index n — n{T) such that t„ ^ T ^ tn+i- By Proposition 12.141 
there exist constants Ci > 0, C2 such that 

dG{h„,hT) ^ Cidcihn, h„+i) + C2 

Moreover, by Proposition 14.51 and triangle inequality, 

daihn, fcn+l) ^ dG{h„,Wn) + dG{Wn,W„ + l) + doilVn + l, h„ + l) 

Thus, we also have 

lim MhliM = 

n— >oo Tl 
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and again by Proposition 14.51 

dG{wn, hr) ^ dajw^, h„) + dG{h„, hr) _ ^ 

n— >oo n n—^oo Tl 

Similarly, since the relative metric is bounded above by the word metric, 

Ijjjj drei{w„,hT) ^ Q 
n— >oo n 

Finally, by computing the ratio between the word and relative metric, 

dG{l,hT) n(T) ,. :^ Ci 

lim -, — ,., , \ = lim 3 — ,V . , = hm - — = — > 



This completes the proof of Theorem 11.31 □ 



5 Fuchsian groups 

Let G be a lattice in PSL{2,R) such that the quotient X = G\M^ is a 
finite area non-compact orbifold. Fix a thick-thin decomposition of X 
such that the thin parts correspond to disjoint cusps ci, ■ • ■ , Cp of X, and 
let gi, . . . ,gp be the generators of the corresponding parabolic subgroups 
Gi of G. 

A choice of generators A for G defines a word metric on G and also a 
relative metric on G which is the word metric with respect to the larger 
set of generators A' — A U {<?"} i-e., along with the generators of G, 
the set A' includes all powers of all the parabolic generators gi. It is 
well known that G with the relative metric drei is Gromov hyperbolic. 
In fact, G is strongly hyperbolic relative to the parabolic subgroups Gi 
( [FarQSI Theorem 4.11]). 

Let be a finitely supported measure on G, such that the support of 
/X generates a non-elementary subgroup of G i.e., the subgroup contains 
a pair of hyperbolic isometries with different fixed points. The random 
walk on G defined by fi is the G- valued stochastic process wi,W2, ■ ■ ■ with 

f wi ■- gi 

\ Wn+l ■■= WnQn+l 

where each gi is drawn from G with probability /i and independently of 
the previous ones. 

Given a basepoint xq , one can consider the projection in of the 
random walk by the action of G, i.e. the sequence {wi{xo),W2{xo), ■ ■ ■ , w„{xo 
Then a theorem of Furstenberg [Fur63) assures that for almost all se- 
quences w = (31,(72,...) (with respect to the product measure f/*) the 
random walk converges to some point p^o € = 9EI^. The harmonic 
measure u on the boundary records the probability that the random walk 
hits a particular part of dW'^ , i.e., 

u{A) = Prob ( lim Wn{po) G A) . 

We now provide a quick outline of the proof of Theorem ll.il Since the 
proof in this case is much simpler than for mapping class groups we leave 
it to the reader to reconstruct the exact argument. 

The unit tangent bundle T^EI'^ carries the Liouville measure which in 
the upper half-plane model is given by d£ = '^^ '^^ ''^ and is invariant by 
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the action of PSL2{M.) = Isom(]HI^). Hence it descends to a geodesic flow 
invariant measure on the unit tangent bundle to X = G\]HI^. Moreover, it 
is classicaUy known (Hopf ) that such flow is ergodic (and indeed mixing) . 
The conditional measure on the unit ball in the tangent space at any point 
is the puUback via the visual map of the standard Lebesgue measure on 
dif = S^. 

The cusps ci , . . . , Cp lift to to give a horoball packing H. By study- 
ing this packing, Sullivan |Sul82j proved that a geodesic ray generic with 
respect to the Lebesgue measure is recurrent to the thick part of X ven- 
turing into the cusps infinitely often with maximum depth in the cusps of 
about logt where t is the time along the geodesic ray. Sullivan's theorem 
is a precursor of Masur's approach in Teichmiiller space establishing that 
every Teichmiiller disk has a horoball packing with similar good proper- 
ties. 

Given a horoball H € and a geodesic 7 that enters and leaves 
H, we define as earlier, the excursion E{"/, H) to be the distance in the 
path metric on dH between the entry and exit points. Sullivan's theorem 
implies that a lift in of a Lebesgue typical geodesic ray enters and leaves 
infinitely many horoballs in the packing. We use this setup to estimate 
from below the word length along a Lebesgue typical geodesic in terms of 
the sum of the excursions in these horoballs. 

For a time t along such a geodesic ray 7 one can keep track of which 
image under G of a fixed fundamental domain does the point 74 lie in. 
Up to an element of the finite stabilizer in G of the fundamental domain, 
this associates to 7* a group element ht . Coarsely, ht is the group element 
given by a point in the orbit Gxo that is the closest to "ft- 

Proposition 5.1. There exists uniform constants c, d > such that 



Proof. A finite index subgroup of G is quasi-isometric to G. Passing to a 
finite index subgroup, we can assume that G has no torsion. 

The group G acts properly discontinuously and cocompactly on the 
thick part \ UnH. By Milnor-Svarc lemma, the Cayley graph of G 
is quasi-isometric to the thick part with the path metric. There is a 
unique geodesic word representing ht and in this case it is easy to verify 
that the sum of the excursions till t is a coarse lower bound on dG{l,ht) 
(See |Far98) Lemma 4.5, 4.8 and 4.9). Combining all the quasi-isometry 
constants yields the proposition. □ 

Inside H £ T-i, let Hn be the horoball consisting of points that are at 
least logn deep in H in the hyperbolic metric: 



Let us denote as X„ the quotient of Hn under the action of G, that 
is a subset of X. By the ergodicity of geodesic fiow, the proportion of 
time that a geodesic ray spends in X„ is asymptotically the same as the 
volume of T^Xn, and this volume can be easily calculated to be 1/n up to 
a uniform multiplicative constant. Let Xn be the characteristic function 
of T^(X2"), and let ij) : T^¥? ^ R be 




Hn:={xem^ : d{x,dH)^logn} 



00 



V(«) :=^2"xn(^;) 



n=l 
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The function is well defined since for any v there is some N such that 
V € T^Xjjv \ T^Xgjv+i. As a consequence of the 1/n decay of volumes, 
the ergodic average of ip is infinite: 

Proposition 5.2. For almost every tangent vector v € T^M.^ with respect 
to Liouville measure, 



f 



lim / t^^dt = 00 (15) 



where f(7t) is the unit tangent vector to the geodesic 7 originating from 
V at the point ft ■ 

Proof. Let ipN he the truncation: 



JV 



71 = 1 

Up to a uniform multiplicative constant, 



L 



tpN d£-N 

Tlx 

By ergodicity, along ^-almost every geodesic ray 7 



T- 



lim / ^ J;' " dt = i>N de^N 



Tlx 



where i'(7t) is the unit tangent vector to 7 at the point 7t. As a conse- 
quence, along ^-almost every geodesic ray 7 the inequality 



lim r t^dt^ lim TM^rf,,^ 



_-m / 

T- 

holds for all N, which yields the claim. □ 



Proposition 5.3. Let H be a horoball and let ti < t2 be the entry and 
exit times m H for a geodesic ray 7. Then up to uniform additive and 
multiplicative constants 

f\{v{ft)) dt^E{y,H) 
Jti 

Proof. Let N be the smallest number such that i/'(w(7t)) = '<pN{v{yt)). 
Then up to a uniform additive constant 2^ < E{-y,H) < 2^+^. For 
k ^ N — 1, there are uniform lower and upper bounds independent of 
k and N for the amount of time Sk that a geodesic ray 7 can spend in 
\ H2k+i . There is also a uniform upper bound independent of N for 
the amount of time sn that the ray 7 can spend in H2N \ H^n+i. These 
bounds imply 



Viv(«(7*)) X s J ^ 2M X 2^ X £(7, H) 



j=i 

□ 
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Combining Propositions 15.11 15.31 and Equation p5|l we have 

,. dG{l,ht) 

lim ^ = +00 

On the other hand, the relative length of ht is up to a uniform multiplica- 
tive constant bounded above by t. In fact, by ergodicity, the ray 7 spends 
a definite proportion of its time in the thick part of X. This implies that 
the relative length of ht grows linearly in t. Combining this observation 
with the limit above proves the first part of Theorem 1.2. 

For the harmonic measure, we leverage the following facts. Since G 
is non-amenable, a random walk makes linear progress in the word met- 
ric and also in the hyperbolic metric for the action of G on H^. Since 
G with the relative metric is 5-hyperbolic, the random walk also makes 
linear progress in the relative metric. This can be proved mimicking the 
argument in [MahlOa] . Hence by taking the quotient, the limit 

lim 

n^ao drel (1, Wn) 

exists (and is finite) along almost every sample path w = (wi, iU2, . . . ). 

Since almost every bi-infinite sample path converges to a pair of dis- 
tinct points (Ai, A2) in one can consider the geodesic in joining Ai 
and A2 and consider its distance from the basepoint. This defines a mea- 
surable function on the space of bi-infinite sample paths. So there exists 
D > such that the set of bi-infinite sample paths for which the distance 
of the geodesic from the basepoint is less than D has positive measure. 
Ergodicity of the shift map then implies that almost every sample path 
gets within distance D of the geodesic ray it tracks infinitely often. More- 
over, it is well known that in the case of Fuchsian groups sample paths 
track geodesies sub-linearly. Let Wn^ be the subsequence that is within 
distance D of 7 and let 7*^ be the corresponding closest points on 7. The 
limit along ti of dG{l,ht)/drei{l,ht) exists. Sub-linear tracking implies 
that the limit dail, ht) /drei{i, ht) equals the limit along the subsequence 
tn and this proves the second part of Theorem 1.2. 
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